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Abstract 

We investigate the Hoist action for closed Riemannian 4-manifolds with orthogonal connections. For connections 
whose torsion has zero Cartan type component we show that the Hoist action can be recovered from the heat 
asymptotics for the natural Dirac operator acting on left-handed spinor fields. 

1 Introduction 

Connes' spectral action principle ( IICo961 ') states that any reasonable physical action should be deducible from the 
spectrum of some suitable Dirac operator. One of the impressive achievements of the spectral action principle is the 
Chamseddine-Connes spectral action ( IICC97I ) which comprises the Einstein-Hilbert action of general relativity 
and the bosonic part of the action of the standard model of particle physics. It gives a conceptual explanation for 
the Higgs potential in order to have the electro-weak symmetry breaking, and it allows to put constraints on the 
mass of the Higgs boson. The present article is intended to show how the spectral action principle can be used to 
derive the Hoist action. 

Loop Quantum Gravity (LQG) is a very promising and successful candidate for a theory of quantum gravity 
(see IIRov04l and IThOTII for an introduction). Important ingredients of the quantisation procedure are the canonical 
variables of Ashtekar type ( IIAs86l . llAs871 ). In order to have such variables one considers the Hoist action ( llHo96l ) 
which is a modification of the Einstein-Cartan-Hilbert action with the same critical points. Recently, a large class of 
modified actions with the same critical points as the Einstein-Cartan-Hilbert action has been proposed ( HDVLIOI ). 
This raises the question if the Hoist action is distinguished in this large class of actions. We will see how the 
spectral action principle gives a conceptual explanation for the Hoist action for closed Riemannian 4-manifolds, 
not only within the class of actions proposed in ODVLIOI . 

The underlying geometric objects we will consider are orthogonal connections with general torsion in the sense of 
E. Cartan (see IICa23l . IICa24l . [Ca25 1). (For an overview of the physical consequences of Einstein-Cartan theory in 
the Lorentzian setting we refer to [HHKN76J and MSh02ll .) The torsion of any orthogonal connection decomposes 
into a vectorial component, a totally anti-symmetric one and one of Cartan type. In section|2]we will recapitulate 
this decomposition and impose it into the Hoist action in order to discuss the appearance of critical values of the 
Barbero-Immirzi parameters. In section |3] we will consider the classical Dirac operator D associated to such an 
orthogonal connection. The Cartan type component of the torsion does not affect D, and D is not symmetric if 
the vectorial component of the torsion is non-zero. We will derive a Lichnerowicz formula for D*D and deduce 
the heat trace asymptotics for the restriction of D*D to the left-handed spinor fields. It turns out (in Cor 13.5) 
that the second term in these asymptotics gives exactly the Hoist action if one considers connections with zero 
Cartan type torsion. Furthermore the constraints from the spectral action principle allow us to fix the value of the 
Barbero-Immirzi parameter ( |]Ba951 . Illm97 i ) which is a free parameter in LQG. 

2 The Einstein-Cartan-Hilbert action and the Hoist action 

For the convenience of the reader let us briefly recall the classical Cartan classification of orthogonal connections 
(see IICa25l Chap. VIII]), we will adopt the notations of ITV83I Chap. 3]; We consider an n-dimensional manifold 
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M equipped with some Euclidean metric g and some orientation (in order to have a volume form and a Hodge 
* -operator). Let denote the Levi-Civita connection on the tangent bundle. For any affine connection V on the 
tangent bundle there exists a (2, l)-tensor field A such that 

VxY ^V^xY + A{X.Y) (1) 

for all vector fields X, Y. We will require all connections V to be orthogonal, i. e. compatible with the scalar 
product given by the Euclidean metric g. Therefore, one has g {A{X, Y), Z) — —g (y, A{X, Z)) for any tangent 
vectors X, y, Z G TpM. The induced (3, 0)-tensor is given by 

AxYz^g{A{X,Y),Z). 

Hence, the space of all possible torsion tensors on TpM is 

Ai ® A2 = I A G (g)V;M I AxYZ = -AxzY VX, Y,Z & TpM 

It carries a natural euclidean scalar product, which reads for any orthonormal basis ei, . . . , e„ of TpM as 

n 

{A,B)= ^ Ae^ejeuBeiejekJ (2) 
ij",fe=l 

and the orthogonal group 0(n) acts on it by {aA)xYZ = ^Q-i(jf)Q-i(y)Q-i(z)- The corresponding norm is 
II A|p {A, A) Then, one has the following decomposition of A^ (g) A^ into irreducible 0(7i)-subrepresentations: 

A^ (8) A^ = V{TpM) © T{TpM) © S{TpM). 

This decomposition is orthogonal with respect to (•, •), and it is given by 

V{TpM) ^ {A G A^ ® A2 I ay s.t. VA:,y,Z : AxYZ = g{X.Y)g{V,Z)-g{X.Z)g{V,Y)] , 
r{TpM) = {AeK^®K^\ \fX, y, Z : Axyz - -Ayxz} , 

S{TpM) = \^AeK^®h^\^X,Y,Z: AxYZ + AYzx+AzxY=Os.MY,A{ea,ea,Z) = Q^. 

The connections whose torsion tensor is contained in V are called vectorial. Those whose torsion tensor is in T 
are called totally anti-symmetric, and those with torsion tensor in S are called ofCarian type. 

From this decomposition we get that for any orthogonal connection V as in ([T]i there exist a vector field V, a 
3-form T and a (3, 0)-tensor field S with Sp G S{TpM) for any p e M such that 

A{X,Y) = g{X,Y)V - g{V,Y)X + T{X,Y,-)^ + SiX.Y,-)^, (3) 

these y, T, S are unique. As usual ' : TpM — > TpAI denotes the canonical isomorphism induced by g. The scalar 
curvature of this orthogonal connection is 

R = Ra + 2{n - 1) div^V) -{n~l){n- 2) \V\^ - ||Tf + i \\S\\^ (4) 

where is the scalar curvature of V and div" denotes the divergence taken with respect to (see e.g. HPS 1 1 1 
Lemma 2.5]). 

Let (0°)a=i....,n denote the dual frame of {ea)a=i,....n, i-e. = g{ea, ■)■ Then the volume form is dvol = 

9^ A ... A 9^. For /c-forms there is a natural scalar product (, )k such that the elements 9''^ A ... A 0*'= with 
ii < ... < ifc form an orthonormal basis of A*'{TpM) (compare |B18T] Def. 0.1.4]) Furthermore we have the 
Hodge operator * : A''{TpM) -> A^""'') {TpM), and for cj, ?/ G A''{T*AI) one has cj A = (cj, 7/)^ dvol. 
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For n = 4 and fc = 2 we have = id, this decomposes the space of 2-forms into the selfdual and the anti-selfdual 
one^ — © A^, where Aj_ is the ±l-eigenspace of *. The (anti-)selfdual component of S is denoted by 
= n (A^ (g) Aj_). Thereby, we obtain the decomposition 

Ai®A2 = V©r©5+©5- (5) 

which is orthogonal w.rt. the scalar product given in (|2) and decomposes the component S from ([Sj into S = 

In LQG (see IIRov04ll or IITh07l ) one considers the case n — 4, and most of the local computations are done in 
Cartan's moving frame formalism. Let {ea)a=i,...A be a local positively oriented orthonormal frame of TM and 
(0°)a=i,....4 its dual frame. To each orthogonal connection V as above one associates the connection 1-forms oj^, 
the curvature 2-forms fijj and the torsion 2-forms 0", which are given by 

Lu^{X) = g{Vxeb,ea), 

n^iX,Y) = g{Riem{X,Y)eb,ea) = giV x^yeb - Vy^ xCb - V[x,Y]eb,ea), 

Q'^iX^Y) = giA{X,Y)-A{Y,X),ea)^g{VxY-VYX-[X,Y],ea). 

For these forms one has the following structure equations: 

c 

c 

With respect to the given frame one defines the translational Chern-Simons form by 

Ctt = ^Q'" r\e''. 

a 

With the structure equations one obtains the Nieh-Yan equation (see IINY82II '): 

dCxT ^^Q'" + ^^1 r\e^ ^0". (6) 



Proposition 2.1 One has Ctt = ST where T is the totally anti-symmetric component of the torsion as in Q. 
Proof. We compute 

a a 

= e'"(efc, e^) + Q'^iee, e„0 + e^(e„, efe) 

a 

where the last summation is taken over all permutations of {fc, m}, it is the anti-symmetrisation of A G A^ © A^ 
and therefore equals 6T. [e] 

This shows in particular that Ctt is globally defined, i.e. independent of the choice of the moving frame. Some- 
times it is stated that /^^ (ICtt is a topological invariant, and it is called Nieh-Yan invariant. 

'Note that in Lorentzian signature ** = — id and lience * lias eigenvalues ±i. 
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Corollary 2.2 Assume that the totally anti-symmetric component T of the torsion has compact support which 
avoids the boundary of M, then 

f dCTT = 0. 
Jm 

For the case when M is closed the corollary was already shown in [GWZ991 by means of Chem-Weil theory. It 
also holds in the Lorentzian setting and was already implicitly used e.g. in |DVL10|. If the support of M meets the 
boundary Stoke's Theorem gives simple formulas for jj^j dCxT- Such terms have been considered e.g. in OBalOI . 

The Nieh-Yan equation is remarkable since the second summand equals the density of the Hoist term (see l|Ho96l ) 

Ch ^^^l r\0^ ^0". (7) 

a, 6 



Proposition 2.3 For any orthogonal connection V one finds 

Ch ^6dT -12{T,*V^)3 dvol-i (||5+f - ) dvol 

with respect to the decomposition ©, where V^{-) = g{V, ■) is the dual form of the vector field V. 

Proof. To simplify notation we abbreviate 6°^'' = 9°- A 6'\ 6°''"' ^ 9°- AO^ AO" and set Aabc = A{<^ai Sb, Gc), and 
likewise for all components of the decomposition (|5]l, e.g. Tabc = T{ea, Cb, Gc), and we set Vd — g{V, e^). We 
define the 2-forms A°- = ^ ^ AabcS'"^ and likewise V^, T°- etc. From the definition of 6" we get 

©"(fifci 6c) — Tbca + Vbca + Sbca ^ T^ba ^ Vcba ^ Scba 
— ^To^bc ^abc Sabc- 

Therefore 8° = 2T°' — y° — 5°, in the following we will consider the terms occuring 

a a 

For the first three terms we calculate 

a a,b,c,b' ,c' 

El^ {a nbcad , a nbcda\ 
J-abc y^aad^ + ^ada^ ) 

a.b,c,d 

= 2 TabcAaade'"""'. (8) 

For the second equality we observe that 6'"^'' ^ only if b, c, b', c' are pairwise distinct and Tabc 7^ only if 
a, b, c are pairwise distinct. As 1 < a, b, c, b', c' < 4 only summands with a = 6' or a = c' can contribute. 

For A = r we get from ^ that J2a T" AT'' ^ 0. For A = S" we convince ourselves that Y.a '^'^ ^ = ^ 
considering the sum in (jSJ with fixed d, for example d = 4: 

Erp Q nabd q (rp /)1234 , rp /Jl324\ , c (rp /j2134 , rrn /)2314n , c (rp 03124: .rp /i3214\ 

-^abcJaa40 = Oll4(,Jl23f + J 132f j + <3224 U Sisf +J23lt' j + <-'334 312t' +J32lf j 

a,b.c 

— 2 ri23 (S'114 + ^224 + »S'334) ^'"'^^'^^ = 
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since S'444 = and the trace of S over the first two entries vanishes. For A — V we have Aaad — Vd ~ ^adVa, 
which we insert into (O 



a a.b^c^d 

a,b,c d 

= -12T = 12(T,*y^)3 dvol. 



Similarly, we obtain 

^ y« A A" = -i VaAbcdO^''", (9) 

a a,b,c,d 

which is zero for A = V. In the case of A = 5' in Q we notice 

a,b,c,d a,b,c,d a,b,c,d 

Finally, with = fi-^ - 5° and Ea(^(±): 5(±))2 = 5ll^(±) f we get 

^ 5" A 5" JZ^*^"' *'^'')2 dvol = i - 11^- f ) dvol . 

a a 

We conclude that J^a A 9° = 12 (T, *F^)3 dvol + i - \\S-f) dvol. With the Nieh-Yan equation 

^ and Prop. l2.3l the claim follows. [□] 

This shows that Ch depends only on the torsion of the connection but not on the Riemannian curvature of the 
underlying manifold. Observations of that kind have been made before in IIHM86I . IIMe06ll and MBalOL 

The Hoist actiot^ used in LQG is given by 

^» = Hib = Tib /X''''"'-^'^''')' 

where G is Newton's constant and 7 is the Barbero-Immirzi parameter ( ||Ba95l . Illm971 ). The density of the Hoist 
action reads as 

dvol = (i?s + 6div»(l/)-6|y|2-||Tf + ^(T, =1=1^^)3) dvol -^dT 

+ {u^+^)\\s+r+ui-^)\\s-r) dvol (10) 

Assuming that both T and V have compact support and avoid the boundary of M we obtain 

If 7 = ±1 one can vary 5"+ or S*" without changing the value of Ih, thus obtaining more critical points than for 
the Einstein-Hilbert functional^ These critical values of the Barbero-Immkzi are well known in LQG, we think 
our representation of the Hoist action offers a clear geometric understanding of this fact. 

^Before |Ho96| this action already appeared in IHMS80I . a sketch of its history can be found in IBHNllI Section III.D]. 
'in Lorentzian signature the critical values of the Barbero-Immirzi parameters are ±i. 
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3 Dirac operators and the spectral action principle 



The spectral action principle (" 0Co961 ) of noncommutative geometry ( 0Co94 l) states that the whole information 
of physical reality is encoded in some suitable Dirac operator, and one should be able to extract any measurable 
quantity from its spectrum. In the following we want to discuss the relation between the classical Dirac operator 
and the Hoist action. 

We consider an ri-dimensional Riemannian manifold and we assume that M carries a spin structure so that spinor 
fields are defined. Any orthogonal connection V as in ([T]l induces a unique connection acting on spinor fields (see 
IILM89I Chap. II.4] or MPSl 1[ Section 4]) which we will also denote by V. The Dirac operator associated to V is 
defined as 

n n 
Dip ^^Ca-Ve^lp ^ D^1p->r\ ^ Aabc • • Cc • 
a—1 a,b,c—l 

^ L'^V + fr-V-^V'-V' (11) 

where is the Dirac operator associated to the Levi-Civita connection and "■" is the Clifford multiplication]! 
Using the fact that the Clifford multiplication by the vector field V is skew-adjoint w.r.t. the hermitian product on 
the spinor bundle one observes that that D is symmetric with respect to the natural L^-scalar product on spinors 
if and only if the vectorial component of the torsion vanishes, = (see IIFS791 and IPSl IL and IIGS87II for the 
Lorentzian setting). We would like to stress that the Dirac operator D stays pointwise the same if one changes the 
Cartan type component S of the torsion (see e.g. IPSl II Lemma 4.7])Q Therefore the Dirac operator D does not 
contain any information on the Cartan-type component S of the torsion. We summerise: 

Corollary 3.1 In general, neither Ch nor J^^ Ch norln can be recovered from the spectrum of the D. [H] 

Remark 3.2 For any compact spin manifold the Atiyah-Singer Index Theorem relates the index of the left-handed 
Dirac operator (mapping left-handed to right-handed spinor fields) to a topological invariant of the manifold (the 
^-genus). The index of an elliptic operator depends only on its principal symbol (see e.g. IILM89I CorIII.7.9]). 
Therefore, the index of the left-handed part of Dirac operator defined in (fTTT i does not depend on the torsion. The 
index density in the case of "iJ-torsions" (i.e. totally anti-symmetric torsion with dT ~ 0) has been calculated in 
llKiOTl - 

Nevertheless, we will recover the Hoist action from the heat trace asymptotics for D*D if we restrict to the case 
5* = 0, which is the natural case when dealing with spinors. First, we derive the following Lichnerowicz formula: 

Theorem 3.3 For the Dirac operator D associated to the orthogonal connection V as given in fllT ) we have 

D*D^ = AiP + + IdT ■ ^ - ^\\Tf ^ 

+ 21^ divf (y) + {'-^f (2 - n) |yp V 

+3(?i-l)(T-V^-V+(V^jr)-v) (12) 
for any spinor field tp, where A is the Laplacian associated to the connection 

VxV' = V + K^jT) • V - -X -^j-^ g{V, X) iP. 

*For the Clifford relations we use the convention X - Y + Y ■ X = —2 g(X, Y) for any tangent vectors X, Y , and any fc-form A. . .A6''' 
acts on some spinor ip by A ... A 6**= • -0 = ■ . . . ■ ■ tp. 

^In the Lorentzian case it is known that torsion of Cartan type does not contribute to the Dkac action under the integral ISh02l Chap. 2.3]. 
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Proof. As Clifford multiplication by any 3-form is self-adjoint we have 

D*^l^ = + §T • V' + • ^. 

We calculate 

+ {V-T-T-V)-i^+^^{V-D<^ - D^V-) V' 

= {D^ + lT-)'i.+ {^j'\V\'i: 

- ^^^(T • V + (VjT)) ■^ + ii^(2V- D^i, + 2V^V + div»(F) ^ d{V^) ■ V-) (13) 

where we have used the relation V ■ T ~\- T ■ V — — 2(VjT) for the vector V and the 3-form T and the identity 
]j3y _|_ yjja — — 2Vy — div^(y) + rf(y^). In order to calculate the Laplacian associated to the connection V 
we fix some p G M and choose the frame (ca) to be synchronous about p, i.e. V^ea|p — for any a ~ 1, . . . ,n. 

a 
a 
a 

+ E • + f-)) (^1 + i (e-^^)) 

a 
a 

= (i?» + |T-)'i^-ii?9i^-|dT-V' + |||rf 

+ ^ (v ■ D^V + V^V + i (l^^T) • - d{V'') • V + i E(^-^^) • 1^ ■ ea • 

here we have us ed {P S + |r)^ = - Ea (^L + 1 (eajT)) (Vf^ + § (eajT)) + \R3 + fdT - |||T||2 which 
is Thm. 6.2 of lAf 041 adapted to our notation. Next we can deduce from CajT = ^T,b,cTabcd that BT = 
Ea(eajT) • ea = Ea • (ea-iT) and we further simphfy: 

AtA = (i:>^' + |T-)^i/;-ii?9^-|rfr-V' + |liTf 

(^2 y • + 2 vf,v - d{v^) ■ i) - %VaT) • V - 9t • • v) + 

Together with ( fT3] l this yields the claim. [5] 

Now, let fct(a;, y) denote the (smooth) kernel of the heat operator exp{—tD*D). Then one has the well-known 
asymptotic expansion 

kt{x,x) ~ j^t^i +ta2{x) + ai{x) + . . .) fort -> 
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with aQ{x) = id. 

We have 75 = ei • . . . • 64 = dvol and the projection on left-handed spinors is given by Pl = |(id— 75). 
Now let us consider the restriction PlD*DPl to the left-handed spinors. We note that its kernel is given by 
Pt{x, y) ~ Pl o kt{x, y) o Pj^. Taking the trace over the (4-dimensional) spinor spaces we obtain the following 
asymptotic s 

TT{pt{x,x)) jj^{Mx)+tl32{x)+t^(3i{x) + ...) fort^O. (14) 

As aQ{x) = id we have f3o{x) — 2 for any x e AI, and the function I32{x) is related to the the density of the Hoist 
action from (fTOl i as follows. Restricting to orthogonal connections with 5* = is natural since fermions are not 
able to perceive any torsion of Cartan type. 

Theorem 3.4 Let M be a compact Riemannian 4-manifold with spin structure. For a 3-form T and a vector field 
V consider tlie ortliogonal connection VxY = V^F + T{X, Y, + g{X, Y)V ~ g{V, Y)X. Let D denote ttie 
Dirac operator induced by V, and consider the restriction PlD*DPl to tlie left-lianded spinors. Tlien, for tfie 
term /32 from the expansion if74b we have 

/32 dvol= -ip^dvol (15) 

for the orthogonal connection V given byVxY = V^F + 3T{X, Y, •)* + 3g{X, Y)V - 3g{V, Y)X and for the 
value J = 1 of the Barbero-Immirzi parameter. 

Proof. We use the Lichnerowicz formula (fTZt and the explicit formula for a2 [x) from e. g. ||Roe98l Prop. 7. 19] to 
get 

a2 = - - IdT + |||Tf - § Ahf^V) + - 9 (T • F + V jT) . 

By construction one has /32 = 5 Tr ((1 — 75)a2)- We observe that the traces of dT, T ■ V and VjT, taken over 
the 4-dimensional spinor space, all vanish since they act as 2-forms or 4-forms. So we get 

Tr(a2) = + 3||Tf - 6div»(y) + 18\V\^. 

For a < b < c and a' < b' < c' we get Tr(eaef,ecea'eb'ec') = 4 if a — a' , b — b' and c — c', and otherwise 
Tr{eaebecea'eb'ec') = 0. Hence, for 3-forms T, T' we have Tr(Tr') = 4(r, T')^. We remark that V"75 = - * 
and so Tr(r ■ ^75) -A{T, *V^)3. Furthermore, we have Tr(dr75) dvol = 4<iT and Tr(T^jT75) dvol = 0. 
This leads to 

Tr(75a2) dvol = -6 dT + 36(r, h<V^^)3 dvol . 

We obtain 

/32 dvol = i (Tr (aa) - Tr (75a2)) dvol 

= -i - 9\\Tf + 18div»(T/) - 54 \Vf + 108(T, *V^)3) dvol-18dr) . 

Finally we compare this with the density of the Hoist action dvol for the orthogonal connection V and the 
Barbero-Immirzi parameter 7=1, which is given by 

p^dvol = (i?S-9||r|p + 18div'^(y)-54|T/p + 108(T,*T/^)3)dvol-18dr, 

and establish ( fTsT l. 

Corollary 3.5 Let M be a A-dimensional compact manifold and V be an orthogonal connection without Cartan 
type component as in Theorem 13.41 Then we get for the second coefficient of the heat trace asymptotics for 
PlD*DPl 

f /32dvol = / p^dvol = -^Ih 
where Ih denotes the Hoist action for the connection V with Barbero-Immirzi parameter 7=1. [e1 
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In other words Corollary I3.5l states that the spectral action principle naturally predicts the Hoist action in the case 
of orthogonal connection without the Cartan type torsion (which is invisible to fermions). The Barbero-Immirzi 
parameter then takes the critical value 7=1. 

In BDVLIOII it has been proposed to modify the Hoist action by adding terms depending on the norm of torsion 
(8,9) ~ X]a(®"'®")2 ^nd it is shown that such actions in general still have the same critial points as the 
Einstein-Cartan-Hilbert functional. Apart from considerations of quantisation (the need of canonical variables of 
Ashtekar type) Corollarv 13 .5 I shows that the Hoist action is special within this proposed larger class of actions. 

There has been a controversy whether the term dCxT — QdT could be obtained via anomaly calculations and what 
its significance in quantum field theory and its relevance for the Barbero-Immirzi parameter might be ( I1CZ971 . 
IIOMBH97L IKMOm . ICZOlll ). In IBSIOH the induced gravity approach delivers the value ±i for the prefactor of 
the term cLCtt if one addionally takes the specific particle content of the Standard Model into account. Within 
the approach of Connes' spectral action principle a comparison of parameters would obtain the value 1 for the 
prefactor of the term dCrr (or the value —1 if we had projected on the right-handed spinors). This value would 
be independent of any specific particle model. However, one should be aware that in these actions the Cartan type 
component of the torsion does not appear, unlike in the action Ih which is considered to be the relevant one in 
LQG. 
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the SFB Raum-Zeit-Materie. We would like to thank Christian Bar and Thomas Schiicker for their support and 
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